A superconductor-metal transition (SMT) with an unconventional diverging dynamic critical exponent was recently discovered, and it drew tremendous attention because this signature of a quantum Griffiths singularity (QGS) was thought to be a common characteristic of low-disorder crystalline superconductors. However, because the QGS was observed only in limited materials with metallic normal states, the question of whether the QGS exists in other superconducting systems is still unanswered. In this paper, a superconductor-insulator transition (SIT) is observed in TiO thin films with insulating normal states, which offers a more universal platform for investigating the QGS. A thickness-tuned SIT is obtained when the magnetic field is zero. Importantly, a magnetic field-tuned SIT with a diverging dynamic critical exponent, which is direct evidence of a QGS, is observed in TiO thin films with different thicknesses. By constructing a comprehensive phase diagram, it is demonstrated that the critical magnetic field H c tends to saturate as the temperature approaches 0 K, which is different from the upturn trend of H c observed in SMT systems and probably due to the weaker Josephson coupling of the locally ordered superconducting islands (rare regions) in a weakly insulating normal state background. The results extend the QGS scenario from only SMT systems to SIT systems, and they provide vital evidence that QGSs are common in crystalline superconducting thin films, which has possible applications in quantum-computing devices.
Introduction
The superconductor-insulator (metal) transition (SIT/ SMT), a remarkable paradigm of the quantum phase transition (QPT), has been an important issue because this exotic phenomenon not only extends our understanding of the novel physical nature of the QPT but also contributes to the design of quantum devices, such as superconducting qubits 1, 2 . The ground state of SIT/SMT can be tuned by a variety of external parameters, such as the magnetic field 3 , thickness 4,5 , disorder 6 , chemical composition 7 , charge density 8 , or gate voltage 9,10 , instead of thermal fluctuations. The SIT/SMT phenomena were initially studied in granular or amorphous thin films, which are highly disordered, and recently, studies of the phenomena have expanded to crystalline material systems 11 . Despite the efforts over the past several decades, many issues still remain. For example, even though a socalled 'dirty-boson' model has been commonly used, different universality classes defined by different critical exponents and different numbers of quantum critical points (QCPs) have been observed [12] [13] [14] .
In 2015, a totally different type of SMT called a quantum Griffiths singularity (QGS) was strikingly reported in a molecular-beam-epitaxy (MBE)-grown Ga trilayer 14 that shows diverging dynamic exponents and a continuous line of QCPs. Since this discovery, examples of SMTs with a QGS have been observed in a NbSe 2 monolayer 15 , a LaAlO 3 /SrTiO 3 (110) interface 16 , quasi-one-dimensional Ta 2 PdS 5 nanowires 1 , and ion-gated superconducting surfaces of ZrNCl and MoS 2 single crystals 17 . In the QGS picture, locally ordered superconducting islands (rare regions) that survive in the normal state background exist. The QCPs and their dynamic behaviors are strongly influenced by these rare regions. Compared to the conventional SIT/SMT picture, such as the 'dirty-boson' model 18 , in which the universality class of a phase transition determines the critical behaviors, the quenched disorders (i.e., grain boundaries, dislocations, impurities, etc.) can have profound effects on the QGS. The QGSactivated scaling will replace the traditional power-law scaling when coarse-grained disorder strength diverges, and QCPs of infinite randomness will show up. In this case, the QPT can be characterized by a diverging critical exponent towards the QCPs 19 .
Although the QGS was observed only in limited SMT materials with metallic normal states, a claim was made that it was a generic characteristic of low-disorder crystalline thin films 11 . Therefore, it is necessary to explore the QGS in other thin film systems to better understand the QGS phenomenon. It will be especially interesting to examine SIT systems with semiconducting or insulating normal states in which the critical correlations of superconducting rare regions are much weaker. Recently, interest in superconducting titanium oxides has resurged, and superconductivities in structure-selected Ti 2 O 3 20 , nano-TiO crystals 21 , γ-Ti 3 O 5 , and Ti 4 O 7 22 have been reported. Crystalline superconducting titanium oxide thin films are good systems for studying the QPT. In previous studies, we succeeded in growing crystalline TiO thin films on α-Al 2 O 3 (0001) substrates 23, 24 , and we found an oxygen-content-tuned SIT in~80 nm TiO x films, but no QGS was observed because of the narrow range of measured temperatures 25 . In the present paper, we grow crystalline TiO epitaxial thin films with different thicknesses. As the thickness decreases, an SIT appears, and its critical resistance is approximately h/4e 2 = 6.45 kΩ/□. Furthermore, by investigating the SIT driven by a perpendicular magnetic field, the QGS is revealed to have a diverging critical exponent product zν. Finally, the phase diagram of the SIT with a QGS is constructed with a distinct quantum Griffiths state and is compared with that of previous SMT systems, which indicates the important role of the normal state background.
Materials and methods

Sample preparation
By using the pulsed laser deposition (PLD) technique, epitaxial TiO thin films of various thicknesses were grown on commercial (0001) α-Al 2 O 3 substrates. The Ti 2 O 3 target was ablated by an excimer laser (Coherent COM-PexPro205, λ = 248 nm). The pressure of the chamber, deposition temperature, laser energy density, and target-substrate distance used for the deposition were 2 × 10 −4 Pa, 850°C, 2.0 J cm −2 , and 4.5 cm, respectively.
Structural characterizations
X-ray diffraction (XRD) characterizations were carried out by a commercial X-ray diffractometer (Panalytical X'pert,~1.5406 Å). The thicknesses and surface morphologies were measured using a scanning electron microscope (SEM, Hiachi UHR FE-SEM SU8220) and an atomic force microscope (AFM, Oxford Instruments MFP-3D Infinity). For the structure and chemical composition characterizations, the high-angle annular darkfield (HAADF) scanning transmission electron microscopy (STEM) images and core-level electron energy-loss spectroscopy (EELS) images were measured by using a transmission electron microscope with a spherical aberration corrector (Talos F200X).
Electrical transport measurements
For the Hall resistance and transport measurements, a Hall bar (length (L) of~400 μm and width (W) of~30 μm) was prepared. The transport measurements in the magnetic field were investigated by a four-probe method in a Physical Property Measurement System (Quantum Design) equipped with a 3 He refrigerator, and a dilution refrigerator down to 0.05 K was used to measure some of the resistances in the zero magnetic field. Sheet resistances were calculated by R s = RW/L. The voltage-current (V-I) characteristics were tested using a current source and a nanovoltmeter (Keithley 6221 and 2182A). Figure 1a shows the XRD (θ-2θ) scans of TiO epitaxial thin films of different thicknesses deposited on (0001) sapphire substrates. For these TiO thin films with different thicknesses, only the diffraction peaks of α-Al 2 O 3 (0006) and TiO (111) and (222) were observed 24 . As the film thickness decreases, the full width at half maximum (FWHM) of the TiO (111) θ-2θ peaks increases, while the FWHM of the TiO (111) rocking curves decreases because the surface roughness decreases ( Supplementary  Fig. S1 ). The lower roughness in the thinner film is also confirmed by the AFM measurements ( Supplementary  Fig. S2 and Table S1 ). In this study, the thicknesses were determined by cross-sectional SEM ( Supplementary  Fig. S2 ).
Results
Structural and chemical characterizations
The HAADF-STEM image of the representing 80 nm sample indicates that the [111]/½112 crystalline orientations of the TiO thin film are parallel to the [0001]/½1120 axes of the α-Al 2 O 3 substrate, as shown in Fig. 1b . Furthermore, more comprehensive HAADF-STEM studies at different areas indicate the existence of grain boundaries ( Supplementary Fig. S3 ). This phenomenon occurs because some areas of the TiO present a different crystalline orientation, which can be converted to that shown in Fig. 1b by a rotation of 60°(or integral multiple of 60°) around the [111] axis of the TiO thin film. The surface morphology image obtained by SEM is shown in Fig. 1c . It is noteworthy that triangular facets were observed on the surface, which reflects the more stable (100) facets of the rock-salt type TiO deposited on the hexagonal α-Al 2 O 3 substrate 22, 26 . The different orientations of the triangular facets may also reflect the structural features with grain boundaries (see detailed discussions in Supplementary S1). In addition, quantitative EELS analyses were performed to estimate the compositions of TiO thin films with different thicknesses 27 , as shown in Supplementary Figs. S4-S6. Their average O/Ti ratios are all~1.14, which indicates that the oxygen contents for these samples are identical.
Thickness-tuned SIT in a zero magnetic field
The temperature dependences of sheet resistances R s (T) in a zero magnetic field for TiO epitaxial thin films with different thicknesses are shown in Fig. 2a . The inset of Fig. 2a displays an enlarged view of the sheet resistive transitions at low temperatures. The superconducting thin films with thicknesses between 15.5 and 120 nm show an abrupt drop in the resistance to zero at the critical temperatures, and no evidence of the re-entrant behavior 28 was found. A further reduction in the film thickness to 11.5 nm leads to a negative slope in dR s (T)/ dT when the temperature approaches zero, which indicates its insulating nature. These results imply that a clear SIT appears in TiO thin films tuned by thickness. As illustrated in the inset of Fig. 2a , the critical transition sheet resistance is~R Q = 6.45 kΩ/□, which is in agreement with the quantum resistance for pairs 10 . Similar SIT behaviors has been achieved by tuning the oxygen content in TiO x thin films 25 ; the ability to tune SITs by thickness and/or composition has been observed in other materials 4, 29 as well. Figure 2b shows that the value of T c decreases as the thickness of the TiO thin films decreases, where T c is defined as the temperature corresponding to 90% of the sheet resistance in a normal state. This result occurs because as the film thickness decreases, the scattering, which may reflect the disorder strength, increases due to the larger proportions of the surface and interface areas in the thinner film 30, 31 . When the film thickness approaches a critical level, the system is no longer in a superconducting state 4 . By inserting a surface-energy term into the Ginzburg-Landau equations, Simonin proposed a relationship between T c and film thickness d as follows 32 :
Here, d c is the critical thickness below which the superconductivity disappears, and T max is a fitting parameter that corresponds to the maximum T c . The origin of this surface term is related to the parameters affected by the disorders, such as the mean free path. As shown in Fig. 2b A recent work 20 on the superconductivity of orthorhombic Ti 2 O 3 demonstrates a d c of~10 nm, which is similar to the TiO thin films in this study.
From the R s -T curves in various magnetic fields, we can obtain the temperature-dependent upper critical field H c2 , which is defined as the field corresponding to 90% of the normal state resistivity, as shown in Fig. S7 . The Werthamer-Helfand-Hohenberg (WHH) model 36 can be used to describe the H c2 (T) behavior (see detailed discussions in Supplementary S2 ). The thickness-dependent H c2 (0) and fitting parameters (relative strength of spin and orbital effect parameter α and spin-orbit scattering constant λ so ) of WHH theory are summarized in Fig. 2c . Superconductivity is suppressed via the orbital and Pauli spin-paramagnetic effects in the external magnetic fields, and the spin-orbit scattering effect should be taken into account. The fitting parameters α and λ so increase as the thickness decreases, which implies enhancements of the spin-paramagnetic effect and spin-orbit scattering effect, respectively, that may be caused by the enhanced disorder strength 37, 38 .
In general, the carrier density, disorder strength, and electron localization length are important factors that affect superconductivity. To obtain the carrier density, the Hall resistances R xy (H) versus magnetic fields of TiO thin films are investigated at 300 and 10 K ( Supplementary  Fig. S8 ). According to the Hall measurements, dominating n-type electronic charge carriers are confirmed, and the carrier density decreases as the film thickness decreases, as shown in Fig. 2d . Suppression of the carrier concentration as the thickness decreases has been observed in many different systems [39] [40] [41] . This phenomenon may be related to the disorder strength, surface state, band gap narrowing effect 40, 42 , etc. (see detailed discussions in Supplementary S3 ). The decrease in carrier concentration would partially suppress the Cooper pair density and thereby the superconductivity transition temperature 43 . To evaluate the disorder strength, it is necessary to analyze the Loffe-Regel parameter k F l, where k F is the Fermi wave vector and l is the electronic mean free path. A lower k F l means higher disorder strength, and the disorder scales can be divided into different regimes: strong disorder (k F l < 1), lower disorder (10 > k F l > 1), and very low disorder (k F l > 10) at a moderately clean limit 44 . The k F l can be determined from the Hall coefficient R H and resistivity ρ by the formula 45 :
where ћ is the reduced Planck's constant and e is the elementary charge. As shown in Fig. 2e , the value of k F l decreases as the film thickness decreases, which reflects a monotonic increase in the disorder strength. When k F l < 1.8 (d < 11.5 nm), the global superconducting ground state is destroyed. To gain deeper insight into the thicknesstuned SIT, the electron localization length ξ l is estimated by analyzing the transport properties of TiO thin films in normal states using the variable range hopping model 46 (see Supplementary S4 and Fig. S9 ). We can see that ξ l decreases as the thickness of the TiO decreases, which reflects the increase in the disorder strength. In accordance with the suppressed carrier density for thinner TiO films, ξ l decreases. Both the lower carrier density and smaller ξ l correspond to a weakened superconductivity.
Magnetic-field-tuned SIT with QGS
Next, we investigate the magnetic-field-tuned SIT with QGS for TiO thin films with different thicknesses. Figure  3a , c, e shows the temperature-dependent sheet resistances R s (T) of 42, 17.5, and 15.5 nm films in different perpendicular magnetic fields. The superconductivity of the TiO thin film is suppressed in a higher magnetic field. With a sufficiently large magnetic field, the system gradually becomes a weak insulator. Between the superconducting and insulating regimes, there exists a critical magnetic field where the R s (T) tends to saturate to a constant at a low temperature, as denoted by the arrows in Fig. 3a, c, e. Figure 3b , d, f shows the magnetoresistance isotherms for the 42, 17.5, and 15.5 nm samples, respectively. For the three samples, each pair of R s (H) curves cross at different points, and multiple crossing points of the adjacent isotherms, i.e., the SIT "critical" points, form a continuous line, which is a signature of the QGS. The magnetic fields of these crossing points, defined as H c , are plotted as the red triangles in the insets of Fig. 3b, d, f . The onset superconducting transition temperature T onset c , which represents the emergence of superconductivity, defined as dR s (T)/dT = 0 in the R s (T) curves for different magnetic fields, is also extracted (see Supplementary Fig.  S10 for details) . Interestingly, the curves of H c (T) and the fields corresponding to T onset c H ð Þ have almost the same trace (see the insets of Fig. 3b, d , f because both parameters (i.e., temperature and magnetic field) indicate the onset of superconducting fluctuation 17 .
Discussion
In the scenario of a QGS, finite-size scaling (FSS) can be used to analyze the electrical transport results and obtain the values of the critical exponents zν (z and ν are the dynamic critical exponent and correlation length exponent, respectively) in different temperature ranges for TiO samples with different thicknesses 14, 15 . The details of the FSS analyses are shown in Supplementary S6 and Figs. S11-S16.
The relationships between the magnetic fields and zν values are shown in Fig. 4a -c for different TiO thin film thicknesses. It can be seen that as the temperature decreases, the zν increases for TiO samples with different thicknesses. In the region of relatively high temperatures, zν rises smoothly as the magnetic field increases, while zν ramps up steeply in the region of low temperature. This behavior occurs due to the enhanced effect of the quenched disorder as the temperature decreases 11 . In principle, the quenched disorder will introduce locally ordered superconducting rare regions on the microscopic level, which can affect the zν value accordingly. We can use the activated scaling law equation zν ¼ C 1 H Ã c À H À Á Àνψ to fit the zν(H) curves, where C 1 is a constant, H Ã c is the characteristic magnetic field, and ν ≈ 1.2 and ψ ≈ 0.5 47, 48 according to the 2D infinite-randomness critical exponents. The fitting results reasonably agree with the experimental results for the 42, 17.5, and 15.5 nm samples and indicate infinite-randomness QCPs. It is also shown that the zν value diverges at the T~0 K limit when approaching the critical point H Ã c . As the thickness decreases, C 1 increases. This result indicates a more severe increase in the zν value as the magnetic field increases close to H Ã c and demonstrates that the influence of disorder on the QGS of an SIT can be tuned by the specimen thickness. Although the temperature for the 15.5 nm sample is not low enough to obtain zv above 1, it is worth noting that the critical exponent zv is still increasing as the temperature decreases, and a zv value above 1 should be expected at a lower temperature. Figure 4d shows the normalized magnetic field (H=H Ã c ) dependence of zν= C 1 H ÃÀ0:6 c À Á values and the fitting results. The experimental results of samples of different thicknesses are perfectly normalized to a single fitting curve, indicating that the quantum critical behaviors for samples of different thicknesses can be described by a unified QGS picture.
Based on the results of the~17.5 nm TiO epitaxial thin film, a comprehensive phase diagram is proposed for SIT systems with a QGS, as shown in Fig. 5 . The comprehensive phase diagram is characterized by T onset c H ð Þ (green diamonds), H c (T) (orange squares), H c2 (T) (purple hexagons), H MF c2 T ð Þ (red circles), and T cross (H) (cyan triangles). Here, the mean field upper critical field H MF c2 T ð Þ is estimated according to the Ullah-Dorsey scaling theory (see Supplementary Fig. S17 for details) 49 , and the crossover temperature T cross (H) is calculated by the Arrhenius plot analyses of the R s (T) curves (see details in Supplementary Fig. S18 ). H c (T) and T onset c H ð Þ represent the onset of superconductivity and separate regions of the weakly insulating normal state and superconducting state. As the temperature decreases, the weakly localized insulator at low magnetic fields crosses over, in turn, the thermal fluctuation region below H c (T), the thermal phase fluctuation (thermal creep) region below H MF c2 T ð Þ, and the quantum phase fluctuation (quantum creep) region below T cross (H). The quantum vortex creep state evolves to a socalled quantum Griffiths state with the QGS above H MF c2 T ð Þ and below H c (T) 17 . In a region with a sufficiently high magnetic field, the H c of the SIT with a QGS increases slowly at low temperatures and tends to saturate around H Ã c as the temperature approaches 0 K, which is different from the upturn trend of H c (T) observed in SMT systems 1, 14, 15, 17 . This difference between the SIT and SMT systems with a QGS might be related to the different normal state backgrounds for the superconducting rare regions; the normal state background is insulating in the TiO SIT system but metallic in the previous SMT systems. As previously discussed, in SMT systems 1, 11, 14, 16 , the QGS in the low-temperature regime is closely related to the locally ordered superconducting rare regions that are coupled through Josephson couplings. The Josephson interaction strength is critically important for the formation and properties of rare regions, and the interaction strength is different for SMT and SIT systems with metallic and insulating normal states, respectively. The insulating background in the SIT system could provide a weaker Josephson coupling than that of the SMT systems, which may affect the quantum Griffiths state region.
It is noteworthy that measuring a sufficiently wide temperature range is important for investigating the QGS with multiple QCPs 16, 17 . Otherwise, the change in the critical exponent zν over a narrow measurement temperature range may be neglected. This is the reason for the absence of the QGS in a previous SIT study of TiO x 25 .
More importantly, in earlier works, the QGS was not observed in any amorphous 2D SMT or SIT superconducting system even with a wide temperature measurement range 50 , which may be related to the high and homogeneous concentration of disorder. The effect of quenched disorders in these homogeneously disordered systems is averaged out under coarse graining, and in this situation, the Harris criterion is not violated 11 , which explains the lack of observations of the QGS. Weakly disordered regions and ordered regions can coexist for crystalline 2D superconductors with weaker disorder strength; therefore, the QGS was observed but only reported in limited SMT systems. Here, although the Josephson couplings of the locally ordered rare regions are weakened by the semiconducting and/or insulating background, the significant QGS of the SIT in crystalline TiO thin films is still observed, providing important evidence that supports the hypothesis that the QGS is common in crystalline superconductors. Furthermore, the thickness-tuned SIT with a QGS further demonstrates the importance of disorder strength in the superconducting QPT, and the results suggest a method to tune and study the QGS.
In conclusion, we have shown thickness-tuned and magnetic-field-tuned SITs with a QGS in TiO thin films. The film-thickness-tuned superconductivity and SIT are related to the reduction in carrier concentration and enhancement of the localization. By investigating the lowtemperature transport properties of TiO thin films with different thicknesses, a magnetic-field-induced SIT with a diverging dynamic critical exponent is obtained, which shows a suppressed quantum Griffiths state by the weakly insulating normal state. The QGS of the SIT in the TiO thin films expands the evidence of the QGS from SMT systems to an SIT system, and the obtained phase diagram of this SIT system with a QGS may be applicable to different crystalline superconducting systems. These results provide considerable insights into the superconducting QPT, which is helpful for designing quantum-computing devices. Supplementary  Fig. S10 ), the upper critical field H c2 (see Supplementary Fig. S7 ), the mean field upper critical field H MF c2 derived from the Ullah-Dorsey (UD) scaling (see Supplementary Fig. S17 ), and the crossover temperature T cross (see Supplementary Fig. S18 ), respectively. The solid line is the fitting result based on the WHH model. The true superconducting state is realized below the Berezinskii-Kosterlitz-Thouless (BKT) transition temperature (T BKT ) (see Supplementary Fig. S19 ). A thermal fluctuation regime exists between H MF c2 T ð Þ and T onset c ðTÞ. Cyan triangles show the crossover temperature T cross (H) between the thermal creep regime and the quantum tunneling regime. The system eventually exhibits the quantum Griffiths state up to the characteristic critical magnetic field H Ã c (red star).
